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Egyptian Fractions



Egyptian Fractions

An Egyptian fraction is a representation of a rational number p/q as a
sum of distinct unit fractions. For example,
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Egyptian fractions were the standard means to represent rational

numbers in ancient Egypt, and their use continued into early European
mathematics.

While it is not known why the Egyptians used this system, two probable
causes are
1. Ease of division of goods into equal parts. (To split 15 pizzas among
36 people, split 9 pizzas into quarters and 6 into sixths.)

2. Division as a concept inspired by the study of reciprocals of integers.



The Rhind Papyrus

The Rhind papyrus is an Egyptian mathematical papyrus dated to c. 1650
BC, although parts were copied from earlier texts dated to c. 1850 BC.

It begins with a table known as the 2/n table, which lists Egyptian
fractions for the numbers 2/n with n < 101 odd.
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The Rhind Papyrus

There is some debate as to how Ahmes and other Egyptian scribes would
have prepared such tables. The last entry in the 2/n table suggests that
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was known, but fewer terms and smaller denominators are preferred.

For general p/q with ¢ composite, the Egyptians would attempt to write
p as a sum of divisors of ¢. This is not always possible (eg. 5/21). What
survives is likely a mix of formulas and ad hoc results.



A Greedy Algorithm for Egyptian Fractions

It is not clear that every rational number even has an Egyptian fraction.
The first proof of this result is due to Leonardo of Pisa (Fibonacci) and
appears in his Liber Abaci in 1202. Fibonacci's proof is an example of a
greedy algorithm:

1. Given p/q < 1, let n; be minimal such that n% < g (< n11—1)'
2. Define
p_1 _mp—gqg_ pm
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3. Repeat from (1) with py/q; in place of p/q. This process will

terminate because p; < p.

The solutions this produces are not always very elegant. For example,
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Open Problems in Egyptian Fractions

Egyptian fractions are of continued interest to number theorists today.

Some open problems include the following:

1. It is known that each proper fraction with denominator ¢ has an
Egyptian fraction of length O(y/log¢q). A conjecture of Erdds claims
O(loglog q) suffices.

2. The Erdés—Strauss Conjecture:
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has a solution for each n > 1.



Questions?
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